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Statistical mechanics

» a mathematical framework that applies statistical methods and
probability theory to large assemblies of microscopic entities

» studies physical systems that consist of a large number of entities,
such as atoms, molecules, or others

P aims to explain the macroscopic properties of the system without
having to solve the detailed dynamics of all the entities

» provides a bridge between the microscopic world and the
macroscopic world
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Important concepts

» system - the collection of entities under consideration
» environment - everything outside the system

» microstate - the complete specification of the state of the system.

— in quantum mechanics, a microstate is a quantum state of the
system, characterized by a wave function

— in classical mechanics, a microstate is the complete specification of
the positions and velocities of all the entities

— will use the quantum mechanical definition of microstate until
otherwise stated

» the i-th microstate of the system is denoted by |i)
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An example system

Gas in a container
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» the system consists of a large number of gas molecules

» in quantum mechanics, a microstate is a quantum state of the
system specified by a wave function

» in classical mechanics, a microstate is the complete specification of
the positions and velocities of all the molecules, i.e., a vector of 6N
numbers where IV is the number of molecules
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Postulates of statistical mechanics

» a system with fixed number of particles IV, volume V, and energy FE
is equally likely to be found in any of its microstates

» over a long time period, the system spends equal amount of time in
each of its microstates
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Entropy and temperature
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Entropy

> Q(E,V,N) - the number of microstates of the system with energy
FE, volume V, and number of particles NV

» entropy S of the system is defined as
where kg is the Boltzmann constant

» when two subsystems are combined with no interactions into one
system

E17‘/1’N1 E27‘/27N2

- Qtotal =01 Qs
- Stotal = Sl + 52
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Temperature

when two subsystems are combined and allowed to exchange energy
(E,V,N)
E; | E-E

E is the energy of the first subsystem and varies among the
microstates of the system

Q(E1, E — E7) - the number of microstates of the system when the
first subsystem has energy F and the second subsystem has energy
E—-F

Q(E1,E—FE1) =0 (Ey) - Q(E — Ey)

In Q(El, E— El) = h’lQl(El) + In QQ(E - El)
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Temperature

» when two subsystems are combined and allowed to exchange energy
(E,V,N)

B | E-E

» what is the most probable value of F;

» each microstate is equally likely, so the most probable value of E; is
the one that maximizes Q(E,, E — E}), or equivalently, maximizes
th(El,E — El)

(61DQ(E1,E—E1)) -0
OE, N,V,.E
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Temperature

» find the most probable value of E; by maximizing InQ(Eq, E — Ey)

oE,

_(aanI(E1)> +(81an(E—E1))
B OE, NV OB, No Vs

o <81H91(E1)> . <81HQQ(E2)> -0
0FEq NV OFs Na.Va

» the most probable value of E is the one that satisfies

(61an(E1)> - <81HQQ(E2))
0E, NiVa 0E; Na.Va
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Temperature

> for a system with energy F, volume V', and number of particles N,

oFE

B(E.V.N) = (61nQ(E7V7N)>
N,V

» two systems are in thermal equilibrium if
Bi(E1, Vi, N1) = B2(E2, Va, Na)
» the temperature of a system is defined as
()
T oF VN

> 5 =1/(ksT)
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Boltzmann distribution
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A system in thermal equilibrium with a heat bath

» the total system consists of the system and a heat bath
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» E; - the energy of the system when it is in microstate ¢
» Ep - the energy of the heat bath
» the total energy E = E; + Ep is conserved

» what is the probability P; that the system is in microstate 4
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Boltzmann distribution

» P, - the probability that the system is in microstate 4

EB;VBvNB EiaVaN
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» the microstate of the total system is specified by the microstate of
the system and the microstate of the heat bath

» when the system is in microstate ¢, the heat bath can be in any of
its microstates with energy Fp = E — E;

» P, is proportional to the number of microstates of the heat bath

with energy Ep = E — E; because the total system is equally likely
to be in any of its microstates
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Boltzmann distribution

» P, - the probability that the system is in microstate ¢

/////////////////////

> ‘PZ X QB(E - El)
» P; needs to be normalized so that ), P, =1

QB(E — Ez)

h= 0,5
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Boltzmann distribution

» P, - the probability that the system is in microstate ¢

. QOp(FE - E;)
h= s 0, E)

> to compute Qp(E — E;), expand InQp(E — E;) around E; =0

InQp(F — E;)) =InQp(F) — E;
n B( 7,) n B( ) 7 8E

» the Boltzmann distribution

P — exp(—fE;) _ exp(=Ei/kpT)
' ZjeXp(_ﬁEj) ZjeXp(—Ej/kBT)

where T is the temperature of the heat bath

> after reaching thermal equilibrium, the system has temperature T
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Partition function

» for a system with fixed N, VT, its partition function is defined as

Q= ZGXP(—ﬁEj)

» the probability that the system is in microstate i is

p — P(=PE)

Q

» the average energy of the system is

Q op

(E) = ZEiPi — > i Biexp(=BE;)) _ 9@

> the Helmholtz free energy of the system is
F=—-kgThQ
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Observables

» in quantum mechanics, an observable A is represented by an operator
and its value when the system is in microstate i is (A); = (i| A|7)

» the average value of the observable A is

2. exp(=Ei/kpT)(il Ali)
Zj exp(—FE;/kpT)

(4) =
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Classical statistical mechanics

» in classical mechanics, the microstate of the system is specified by
the positions and momenta of all the particles {ry, p1,r2,p2,...}

» the phase space of the system is the space of all possible microstates

P given a microstate, the energy of the system consists of a kinetic
energy term and a potential energy term

E(r1,p1,12,P2,...) = K(p1,p2,...) + U(r1,12,.. )
» the probability density of the system in phase space is

p(r17p17r27132,...) = W&ﬁly)

» the partition function is defined as
Q= /exp(—BE) dridpidradps ...
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Classical statistical mechanics

» because E(ry,p1,r2,P2,--.) = K(pP1,P2,.-.) + U(ry,re,...) is a
sum of two terms that depend on {ry,rs,...} and {p1,p2,...}
separately, the probability density can be written as

p(rlap17r25p27 . ) = Ppos(rlar% .. ) : pmom(plaPQa - ')a

where
exp(—pU exp(—pK
ppos(rlarQa-”) = (7); pmom(pl,pg,...) = M
QPOS Qmom

> the partition function can be written as @ = Qpos - @mom Where

ons = /eXp(—BU) dridrs ...

Qmom = /eXp(—ﬁK) dpi dps ...

(ML U MD) N Biophysics Ding 6.20



Classical statistical mechanics

> in many cases, we are mostly interested in the positions of the
particles and not their momenta

» the Boltzmann distribution on the positions of the particles is

exp(—pU(r1,ra,...))
ons ’

P(I‘l,I‘Q,...) =

where Qpos = [ exp(—pU)dry drs ...
» the average value of an observable A is

_ Jexp(—=BU)A(r1,ra,...)drdrs ...
N [ exp(—BU)dry drs ...

(4)
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